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Motivation 6

▶ Surveys and experiments have become larger

▶ both in units and scope

▶ spanning across several clusters like districts, provinces, schools, markets

▶ Why? External validity and efficiency [Muralidharan and Niehaus, 2017]

▶ Key feature of clustered designs: number of clusters K vs number of
units per cluster N (with randomization at every stage)

▶ (Nk)k with K =
∑

k 1(Nk > 0)



Motivation 7

▶ Statistically: If designer believes observations within clusters are more
correlated, then, the more clusters, the better!

▶ Costs: In practice, sampling from different clusters is expensive

▶ partnership with local authorities, travel expenses, additional staff, location
specific infrastructure...

▶ Cost-optimal design balances statistical accuracy and costs

▶ Key parameter—ICC: “how correlated are units within clusters”

▶ Research Questions?

▶ Can we design optimal clustered experiments under unknown ICC?

▶ Can we do so without compromising inference?



Contributions 8

▶ Framework for optimal design of clustered experiments with BC

▶ Two adaptive algorithms that implement a near-optimal design without
knowing the ICC

▶ induce estimators with negligible excess variance compared to the oracle

▶ essentially unimprovable and outperform any misspecified static policy

▶ Under a symmetry assumption, adaptive data collection based on even
moments of the data does not affect inference

▶ my algorithms sample based on sample variances (which are asymptotically
even), so the induced estimators remain asymptotically normal
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Model 10

▶ Today—Survey Problem

▶ Nested random effects model

yki = µ+ uk + εki, E[uk] = E[εki] = 0, E[u2k] = ρ E[ε2ki] = σ, uk ⊥⊥ εki

▶ Define λ = σ/ρ as the variance ratio, ICC = 1
1+λ

▶ [A1]—Compactness: Model is parameterized by
ω = (ρ, λ) ∈ Ω = [ρm, ρM ]× [λm × λM ] with Ω known and ρm > 0



Designer’s Problem 11

▶ Estimator

µ̂(K,N) =
1

KN

K∑
k=1

N∑
i=1

yki, E[µ̂] = µ, Var(µ̂) = W (K,N, ω) =
ρ

K

(
1 +

λ

N

)
▶ Goal: Minimize µ̂ MSE (variance) subject to BC with linear costs

min
K≥2,N≥2

W (K,N, ω) st FK + V KN ≤ B

▶ K,N boundaries for estimation purposes

▶ continuous relaxation of the problem



Optimal Map and Oracle Variance 12

▶ Optimal map (OM) is only a function of λ and sensitive to misspecification

K∗(λ) =
B

F + V N∗(ω)
, N∗(λ) = min

{
max

{
2,

√
λ
F

V

}
,
B − 2F

2V

}

▶ [A2]—Interior Solution: N∗(λ) ∈ (2, (B − 2F )/(2V )) ∀λ ∈ [λm, λM ]

▶ For ω = ω0

Oracle Variance: W (K∗(λ0), N
∗(λ0), ω0) =

ρ0

(√
V λ0 +

√
F
)2

B
∼ O(1/B)

Excess Variance: ∆π = W (Kπ, Nπ, ω0)−W (K∗(λ0), N
∗(λ0), ω0)

Excess Variance OM : W (K∗(λ), N∗(λ), ω0)−W (K∗(λ0), N
∗(λ0), ω0) ≈

C

B
(λ− λ0)

2
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λ Misspecification 13
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An Optimal Algorithm in a Nutshell 15

▶ Explore-then-Commit logic

▶ Run a small pilot (Kπ
p , N

π
p ) to learn λ, i.e. λ̂p = λ̂(Kπ

p , N
π
p )

▶ Implement the OM design: (Kπ, Nπ) = (K∗(λ̂p), N
∗(λ̂p))

▶ How to select (Kπ
p , N

π
p )?

▶ Problem: If Kπ
p ≥ K∗(λ̂p) or N

π
p ≥ N∗(λ̂p), OM is not implementable

▶ Solution: Set Kπ
p = K∗(λM ) and Nπ

p = N∗(λm)

▶ By [A1-A2], every OM is implementable



Adaptive Pilot 16

▶ EtC-CS achieves negligible excess variance

▶ Easy to implement (only two stages), easy to understand

▶ Can we do better?

▶ Imagine K∗(λ) ∈ [20, 60]

▶ KEtC-CS
p = 20, K∗(λ̂(20, Np)) = 50 >> 20

▶ Why commit to 50 straightway? Improve λ̂ by exploring a few more clusters
without risk of oversampling

▶ Sequential cluster sampling in a pilot

τ := inf{k : k + 1 > K∗(λ̂(k,Np))} ∧
⌊

B

F + V Np

⌋



Upper Bounds 17

▶ [A3]—Subgaussianity: uk is
√
κu-subgaussian and εki is

√
κε-subgaussian

Theorem 5.5. Upper Bound on EtC-CS and ACS

Under [A1-A3], there exists constants C1, C2 < ∞,⊥⊥B such that

EEtC-CS[∆EtC-CS] ≤ C2
ln(B)

B2
EACS[∆ACS] ≤ C2

ln(B)

B2

▶ The excess variance of EtC-CS and ACS is asymptotically negligible
compared to the oracle variance O(1/B) >> O(lnB/B2)



Proof in a Slide 18

▶ First: high-probability bounds

▶ Both EtC-CS and ACS implement OM so ∆π ≈ 1
B (λ̂p − λ0)

2

▶ Bound | λ̂p − λ0 | in high probability

▶ Decompose λ̂ as an asymptotic function of martingales with size Kπ
p

▶ Apply maximal Bernstein ineq for each martingale over a window OB(1)
provided Kπ

p ∈ [K∗(λM ),K∗(λm)]

▶ Recover Pπ

(
∆π ≤ C ln(1/α)

B2

)
≥ 1− α

▶ Eπ[∆π] ≤ (1− α) · C ln(1/α)
B2 + α · c for all α

▶ Optimizing wrt to α leads to Eπ[∆π] ≤ O
(
lnB
B2

)



Final Comments on Algorithm Performance 19

▶ Despite sharing the same rate, ACS outperforms EtC-CS in simulations

▶ The paper further shows that

▶ These algorithms are essentially unimprovable by showing matching lower
bounds on the problem of O(1/B2)

▶ Any misspecified static policy (including the minmax optimal) will accrue
excess variance of O(1/B) >> O(lnB/B2), so the rate is non-trivial



Simulations—Design 20
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Simulations—Excess Variance across B 21
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Inference Problem 23

▶ (Kπ, Nπ) is a function of the pilot data, therefore is not obvious that
µ̂(Kπ, Nπ) | (Kπ, Nπ) is unbiased nor asymptotically normal

▶ Folk knowledge: When sampling (the design) depends on averages,
inference is seriously compromised [Nie et al., 2018], [Zhang et al., 2020],

[Hadad et al., 2021]

▶ What if sampling depends on even moments of data?

▶ I show that under error symmetry, group sample averages are
asymptotically independent of data collection protocols depending on even
moments

▶ EtC-CS and ACS designs do not affect inference



Symmetry 24

▶ Why Symmetry?

▶ Cov(µ̂, ŝ2) =
E[ε3i ]
N =⇒ symmetry kills the covariance

▶ If we can get a CLT to go through (µ̂, ŝ2), they will be jointly normal

▶ Zero-covariance implies independence under joint normality

▶ In practice more difficult as policies depend on random sequences of ŝ2

▶ [A4]—Symmetry: Let (uk, εk1, εk2, . . . )
d
= −(uk, εk1, εk2, . . . )

▶ [A5]—Lindeberg Condition



Applied Theorem 25

Theorem 6.2. Design Robust Inference

Let G be the σ-algebra generated by even moments of the full data. Let
(Kπ, Nπ) be G-measurable. Define θ̂ = ρ̂(1 + λ̂/Nπ). Then, under [A1, A4-
A5]

√
Kπ (µ̂(Kπ, Nπ)− µ)√

θ̂
→
B

Z ∼ N(0, 1) G-stably with Z ⊥⊥G

▶ The paper generalizes to (i) inference on group sample averages (µ̂k)k,
(ii) any sequential sampling policy, (iii) only asymptotically measurable wrt
even σ-algebra

▶ Conjecture: Without symmetry, µ̂ remains asymp normal with bias
∝ E[u3k]/

√
K



Proof in a Slide for Applied Theorem 26

▶ λ̂ is asymp an even function of centered errors Lk. Define G = σ((Lk)k≥1)

▶ Let µ̂(K,N)− µ = 1
K

∑
k Mk, under symmetry E[Mk | Lk] = 0

▶ Stable CLT (Corollary 3.1. in [Hall and Heyde, 1980])

▶ Martingale Difference: Define Fk = σ((Lj)j≥1,M1, . . . ,Mk) (we frontload
the even errors!), so (Mk,Fk) is a martingale difference sequence

▶ Convergence in prob of the Conditional Variance 1
K

∑
kE[M

2
k | Fk−1]

p→ θ

▶ Lindeberg Condition (vanishing differences)

▶ SC with non-random conditional variance implies mixing-convergence
and MC implies independence of the converging limits



Simulations—Asymptotic Normality 27
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Conclusion 29

▶ Framework for optimal design of clustered experiments with BC

▶ Two adaptive algorithms that implement a near-optimal design without
knowing the ICC

▶ induce estimators with negligible excess variance compared to the oracle

▶ essentially unimprovable and outperform any misspecified static policy

▶ Under a symmetry assumption, adaptive data collection based on even
moments of the data do not affect inference

▶ my algorithms sample based on sample variances (which are asymptotically
even), so the induced estimators remain asymptotically normal
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Explore-then-Commit Cluster Selection (EtC-CS) 33

Algorithm EtC-CS

input B,F, V, λm, λM

sample KEtC-CS
p = K∗(λM ) clusters and NEtC-CS

p = N∗(λm) units per cluster

recover λ̂p = λ̂(Kp, Np)

implement KEtC-CS = K∗(λ̂p) and NEtC-CS = N∗(λ̂p)



Adaptive Cluster Selection Algorithm (ACS) 34

Algorithm ACS

input B,F, V, λm, λM

initialize k = 0, NACS
p = N∗(λm), λ̂0 = λm

while k + 1 ≤ min
{
K∗(λ̂(k,NACS

p )),
⌊

B
F+V NACS

p

⌋}
explore an additional cluster k and observe (yki)

NACS
p

i=1

update k = k + 1

set K = k

recover λ̂ACS = λ̂(K − 1, NACS
p ) using ((yki)

NACS
p

i=1 )K−1
k=1

implement KACS = K∗(λ̂ACS) and NACS = N∗(λ̂ACS)
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